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An a p p r o x i m a t e  m e t h o d  for  so lu t i on  of the h e a t - c o n d u c t i o n  equa t ion  is c o n s i d e r e d ;  i t  can be  
u s e d  to r e d u c e  a b o u n d a r y - v a l u e  p r o b l e m  fo r  a p a r t i a l - d i f f e r e n t i a l  equa t ion  to a Cauchy p r o b -  
l em fo r  a s y s t e m  of o r d i n a r y  d i f f e r e n t i a l  e qua t i ons .  A g e n e r a l i z a t i o n  to a p r o b l e m  with  u n -  
known b o u n d a r y  is g iven .  

We s h a l l  f ind  the t e m p e r a t u r e  f i e l d  T(x,  t) in a p l a t e  at  whose  s u r f a c e  x = 0 and x =l the hea t  f luxes  
ql(t) and q2(t) a r e  s p e c i f i e d ;  ql(0) = q2(0) = 0, whi l e  T(x,  0) = T 0. If the t h e r m a l  c h a r a c t e r i s t i c s  of the p l a t e  
m a t e r i a l  a r e  c o n s t a n t ,  the so lu t ion  can  be  found by s e p a r a t i o n  of v a r i a b l e s  [11: 
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We a s s u m e  that  the e x a c t  t e m p e r a t u r e  va lue  0(4, T) at the beg inn ing  of the t i m e  i n t e r v a l  0-<T -< r o is  
of no i n t e r e s t  (the t e m p e r a t u r e  m a y  s t i l l  be  s m a l l ,  f o r  e x a m p l e ) ;  when r0 -<z-<1,  h o w e v e r ,  i t  is n e c e s s a r y  
to obta in  a f a i r l y  e x a c t  so lu t ion .  Le t  the hea t  f luxes  be  s p e c i f i e d  as  

ql (x) = 2 a~i' q2 (~) = O. (2) 
i = 1  

We i n t r o d u c e  the " a p p r o x i m a t e  so lu t i on"  

01(~' ") ( ~ ) ~2 q~(~) + ql(x) + f2 t (q~-~-q~)d~l (3) 
B -=--ql(x) ~--  +q~('0 2 6 3 " 

and the "refined solution" 

o~(~,T) _ o 1 ( L  ~) + 2 ( 
B B ~ -  J [q2 (~1) - -  ql 01)l exp [--/r (T - -  ~l)l dn cos n~. (4) 

0 

On the a s s u m p t i o n  that  ql(T) = an Tn, we c o m p a r e  the r e s u l t s  o b t a i n e d  f r o m  (1), (3), and (4). F i g u r e  1 
shows  g r a p h s  of the func t ions  ( 0 1 - 0 ) / 0  and ( 0 2 - 0 ) / 0  fo r  v a r i o u s  n, f2  and ~ = 0. When n = 1 and f2 > 1, 
when "r> 0.2, the a c c u r a c y  of (4) is  fu l ly  s a t i s f a c t o r y  fo r  p r a c t i c a l  p u r p o s e s .  When f2 > 6 -7  and T > 0.2, 
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Fig.  1. E s t i m a t e  fo r  a c c u r a c y  of a p p r o x i m a t e  
r e l a t ionsh ips :  a) n = 1; b) n = 5; ~-) d i m e n -  
s ion le s s  t ime;  A) e r r o r  in p e r c e n t ;  so l id  
l ines)  a p p r o x i m a t e  solut ion;  dashed  l ines) r e -  
f ined solut ion;  cu rves  1, 2 c o r r e s p o n d  to 
f 2 = 1 ;  f2 = 3 .  

Eq. (3) is a lso a c c u r a t e  enough. As n i n c r e a s e s ,  the 
a c c u r a c y  of (3) and (4) d rops .  In this case ,  howeve r ,  the 
t e r m  an Tn in (2) makes  a s igni f icant  cont r ibu t ion  only 
when "r app roaches  1. Within this region of var ia t ion  of 
~-, h o w e v e r ,  Eq. (4) is accep tab ly  a c c u r a t e .  Thus for  an 
ex te rna l  ac t ion  of v e r y  gene ra l  type,  the app rox ima te  r e -  
la t ionships  (3)-(4) a r e  suf f ic ien t ly  a c c u r a t e  ove r  a wide 
range  of definit ion of the solut ion.  

Let  us use these  re la t ionsh ips  to so lve  va r ious  
b o u n d a r y - v a l u e  p r o b l e m s .  In (4) we go ove r  to phys ica l  
va r i ab l e s ,  ca lcu la t ing  the s u r f a c e  t e m p e r a t u r e s  T(0, t) 
- Ti(t) and T(/, t) = T2(t), and eliminating the integral 
terms in the resulting expressions by differentiating with 
respect to t. We obtain 

t 2 

.Ik ~a~ ~ n~a (5) 
- = (q, - 4 ) -  - - 7 -  ( %  - + 

k = 3 _  24 " 
~2 

When c~ = 0 and c~ --- 1, we obtain r e su l t s  c o r r e s p o n d i n g  to (3) and (4). 

To the equat ions  obta ined we add the boundary  condi t ions  

q~ =f~(T1, t); q2=f , (T~ ,  t). (6) 

Equat ions  (5) and (6) f o r m  a s y s t e m  of four  equat ions  in four  unknown funct ions ql(t), q2(t), TI(L), T2(L ). The 
ini t ial  condi t ions  a re  Tl(0) = T2(0 ) = 0. F o r  boundary  condi t ions  of the f i r s t  kind, the known funct ions Tl(t ) 
and T2(t ) a r e  so lved ,  and we solve  two equat ions  of (5) f o r  qi(t) under  the z e r o  init ial  condi t ions .  In both 
c a s e s ,  t h e r e f o r e ,  the p rob l e m  r e d u c e s  to solut ion of a Cauchy p rob lem fo r  a s y s t e m  of o r d i n a r y  d i f ferent ia l  
equat ions .  

To d e t e r m i n e  the t e m p e r a t u r e  f ield of a t w o - l a y e r  (mul t i l aye r ,  in genera l )  p la te ,  Eqs .  (5) m u s t  be 
wr i t t en  fo r  each of the p la tes ,  with a l lowance  fo r  the cont inui ty  of the t e m p e r a t u r e  f ield at the c o m m o n  
bounda ry .  Then to d e t e r m i n e  the t e m p e r a t u r e s  T l and T 2 of the s u r f a c e s ,  the t e m p e r a t u r e  T 3 of the c o m -  
mon bounda ry ,  and the hea t  fhtx q3 through it,  we have a s y s t e m  of four  d i f fe ren t ia l  equat ions that m u s t  be 
supp l emen ted  by bounda ry  condi t ions .  

As we s ee  f r o m  Fig .  1, the a c c u r a c y  of (5) r i s e s  rap id ly  with f2. Thus we can use  the fol lowing a p -  
p roach  to re f ine  the solut ion.  We men ta l ly  divide the homogeneous  p la te  into two pa r t s  with th i cknesses  
I / 2 ,  and employ  the equat ions  fo r  de t e rm i n ing  the t e m p e r a t u r e  f ield in a t w o - l a y e r  plate .  F o r  each pa r t ,  
the c r i t e r i o n  f2 r i s e s  by a f a c t o r  of 4, and the a c c u r a c y  of Eqs .  (5), appl ied to each of the subp la t e s ,  i n -  
c r e a s e s  sha rp ly .  

This  me thod  can be used  to d e t e r m i n e  the t e m p e r a t u r e  f ield of a pla te  at whose  s u r f a c e  phase  t r a n s -  
f o r m a t i o n s  occu r .  As we see  f r o m  Fig.  1, the a c c u r a c y  of Eqs .  (5) r i s e s  r ap id ly  with the t ime ,  and a f t e r  
a c e r t a i n  t ime At fol lowing the beginning of heat ing,  we can a s s u m e  that (5) is exact .  Let  us a s s u m e  that 
the phys ica l  condi t ions  a r e  such that o v e r  the c h a r a c t e r i s t i c  t ime  At the p la te  th ickness  va r i e s  by an amount  
Al owing to sub l imat ion  of the s u r f a c e  l a y e r  

hl/l  << 1. (7) 

In this ca se ,  in (5) we can r ep lace  the cons tan t  th ickness  l by the a v e r a g e  value - / o v e r  the t ime 3 t ,  with 
d i f fe ren t  t ime in t e rva l s  c o r r e s p o n d i n g  to d i f fe ren t  l. Thus in (5), the th ickness  ! can be t r ea t ed  as a new 
unknown t ime funct ion.  In p lace  of the s ingle  condit ion (6) at the sub l ima t ing  s u r f a c e ,  we have  the two c o n -  
di t ions 

Tx (t) = T s = const; qi (t) = fl (7"1, t) + pi(t~ + Z). (8) 
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Fig.  2. Resu l t s  of solut ion of Eqs .  (5), 
(9),(10);  T) t e m p e r a t u r e ,  ~ t) t ime ,  
s ec ;  l) th ickness  of shie ld ,  cm;  
c u r v e s :  1) Tl(t); 2) T2(t); 3) /(t);  4) 
f ( t ) / fmax ;  5 ) •  dashed  l ines)  
T2(t ) fo r  solut ion without  divis ion of 
pla te  into two pa r t s .  

Equat ions  (5), (8), and the second  equation of (6) fo rm a 
s y s t e m  of five equat ions fo r  de t e rmin ing  the five functions Tt,  
T2, ql, q2, l of the t ime t. The t r ans i t ion  f r o m  the solut ion of 
(5)-(6) to the s y s t e m  (5), (8), (6) occu r s  at the t ime t~ at which 
Tl(tl) = T s. The i nve r se  t r ans i t ion ,  if it o c c u r s ,  takes place at 
t ime t2, when /(t2) = 0. Af te r  subs t i tu t ion  of (8) into (5) for  
/(t) ,  we obtain a s e c o n d - o r d e r  equat ion.  The m i s s i n g  initial 
condi t ion l(tl) = i 0 is o rd ina r i l y  easy  to provide  by analyz ing  
the phys ica l  na ture  of the p r o b l e m .  

As an example ,  let us look at the heat ing of a pro~ective 
heat  sh ie ld  made  of a des t ruc t ib l e  hea t - in su la t ing  m a t e r i a l ,  
when a s p a c e c r a f t  en t e r s  the d e n s e r  l aye r s  of the a t m o s p h e r e  
[2]. At the ou te r  su r f ace  of the shie ld  we have 

ql (t) = f (t) - - ~ e i  T~, Tl  ~ Ts; 
(9) 

q~ (t) = f ( t ) - -  oe~T 4 + pi [[l + % (t)], T x = T s. 

If heat  is t r a n s f e r r e d  rad ia t ive ly  f r o m  the inside su r f a c e  
of the shie ld  to the su r f ace  of the inner  l a y e r  of heat  insulat ion 
[2], whe re  the t e m p e r a t u r e  va r i e s  l i t t le ,  then 

4 
q2 = - -  ~ (T2 - -  T~). (10) 

The funct ions f(t) and ~ (t) a re  d e t e r m i n e d  by the t r a j e c -  
to ry  descen t .  The s y s t e m  (5), (9)-(10) was so lved  on a high 

speed  e l ec t ron i c  c o m p u t e r  by the R u n g e - K u t t a  method.  F igu re  2 shows a g raph  of the funct ions f(t), )/(t), 
/ ( t) ,  Tl(t), T2(t ) f o r  the fol lowing data:  

f ( t )  = A(1--~)4~2; max/(t) = 3.36 MV/mZ; e 1 = 0.8; % =0.4; 

%(0 = 23.4+26.8 (1-- z) a (x + 1) 2, Mi/kg; t t =300 see; 

1-~0.015 rm x = t / t  t. 

The p r o p e r t i e s  of the hypothe t ica l  sh ie ld  m a t e r i a l s  a re  spec i f ied  by the fol lowing p a r a m e t e r s :  p 
= 1 3 5 0 k g / m a ;  X = 2 . 1 W / m - d e g ;  c = 1 . 4 7 k J / k g . d e g ;  p =1  MJ /kg ;  T s =2500~ T o =300~ 

In f o r m ,  the funct ions  f(t), )l(t) c o r r e s p o n d  roughly  to the f i r s t  pene t ra t ion  of a s p a c e c r a f t  into the 
e a r t h ' s  a t m o s p h e r e  at the second  c o s m i c  speed  [3]. 

Compar ing  the solut ions  ( I ,wi thout  par t i t ion ing  of the plate  into two pa r t s ;  II, the re f ined  solut ion with 
f ic t i t ious  par t i t ion ing  of the plate) we see  that except  for  the initial 25 s ec  long segmen t ,  solut ions I and II 
a r e  nea r ly  the s a m e .  When l > 2.0 cm,  it is n e c e s s a r y  to par t i t ion  the plate  in o r d e r  to re f ine  the solut ion.  
When I > 4.0 cm,  even this technique does not p rov ide  adequate  a c c u r a c y ,  and o ther  solut ion methods  mus t  
be employed .  

The mach ine  t ime r e q u i r e d  to solve  one ve r s i on  of the p rob lem with 6t = 2 sec  does not exceed  30 sec ,  
which r educes  mach ine  t ime r e q u i r e m e n t s  by a f ac to r  of 30-40 as c o m p a r e d  with the f in i t e -d i f f e rence  d i s -  
p e r s i o n  method .  

x , ~  
t,T 

tt 
Z 

X, p,  C, a 

T(x, t), T O 
0 
0(~, T), 01(~, r) ,  02(~, T) 
ql(t), q~(t), q3(t) 

N O T A T I O N  

a re  d imens ioned  and d imens ion le s s  coord ina te s ;  
a r e  d imens ioned  and d imens ion l e s s  t ime;  
is the dura t ion  of the t he rma l  effect ;  
is the th ickness  of the p l a t e ;  
a r e  the t he rm a l  conduct iv i ty ,  dens i ty ,  spec i f i c  hea t  capac i ty ,  and t h e r m a l  di f fu-  
s iv i ty  of the m a t e r i a l ;  
a r e  the ins tan taneous  and init ial  t e m p e r a t u r e s  of the plate;  
is the d i m e n s i o n l e s s  t e m p e r a t u r e ;  
a re  the exac t ,  app rox ima te ,  and re f ined  solut ions  in d imens ion le s s  f o r m ;  
a r e  the heat  f luxes act ing on the plate  s u r f a c e ;  
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Tl(t), T2(t), Ta(t) 

ai 
n 

Ts 
# 
f1(Tt, t), f(t), k(t) 
O- 

gl, e2 
~t 
A 

a re  the t e m p e r a t u r e s  of the plate su r f aces ;  
is the coefficient  for  the expansion of ql(t) into s e r i e s  in powers  of t; 
is the exponent in the polynomial  used to approx imate  the heat flux ql; 
is the subl imat ion t e m p e r a t u r e  of the ma te r i a l ;  
is the heat of subt imat ion;  
a re  known functions;  
is the Boltzmann constant; 
are  the emiss iv i t i e s  of the radia t ing su r faces ;  
is tile integrat ion s ta te;  
is a coefficient  that de te rmines  the value of the heat flux. 
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